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We provide the natural extension, from the dynamical point of view, of the Poincark-Hopf theorem to noncompact 
manifolds. On the other hand, given a compact set K being an attractor for a flow generated by a ‘St tangent vector 
field X on an n-manifold, we prove that the Euler characteristic of its region of attraction .rQ, x(d), is defined and 
satisfies Ind.&X) = (- 1 )“x(&). Finally we prove that x(d) = x(K) when K is an euclidean eighbourhood retract 
being asymptotically stable and invariant. 0 1997 Elsevier Science Ltd. All rights reserved. 
1. INTRODUCTION 
The Poincare-Hopf theorem (see [2], [8] or [lo] for instance) asserts that when a %” tangent 
vector field X on a compact @ manifold A4 is pointing outward at &f then 
Ind(X) = X(M) 
where ~(44) and Ind(X) denote respectively the Euler characteristic of M and the index 
of X. 
Until now there have been many generalizations of this result dropping the restriction that 
X should point outward and allowing more general boundary conditions. In this direction 
we can mention for instance the works of Gottlieb [7], Morse [ 1 l] and Pugh [ 121. 
A different approach to the problem of generalizing the Poincare-Hopf theorem is to con- 
sider noncompact manifolds. This paper is devoted to give its natural extension to manifolds 
not being necessarily compact. 
An equivalent version of the Poincare-Hopf theorem asserts that for a tangent vector 
field X on a compact n-dimensional manifold M vanishing nowhere on aM, the relation 
Ind(X)=(-l)“X(M) (1) 
is satisfied if X is never pointing outward at aM. 
When M is compact he condition that X is never pointing outward at aM means dy- 
namically that for every xc EM the unique solution of the initial value problem 
i =X(x) 
x(0) =x0 
has a nonempty w-limit set. Considering the closure of the union of all the o-limit sets, 
the mentioned condition yields the existence of a global compact attractor for the flow 
associated to the above differential equation. Conversely, it is clear that a tangent vector 
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field on a manifold M never points outward along aA if there is a global compact attractor 
for its associated flow. Thus, the Poincare-Hopf theorem asserts, from the dynamical point 
of view, that relation (1) is satisfied if there exists a global compact attractor for the flow 
generated by the tangent vector field. 
In particular the Poincare-Hopf theorem shows that for a tangent vector field on a com- 
pact manifold M vanishing nowhere on aM, the existence of a global compact attractor 
determines its index. In this setting it is natural to investigate the case in which the compact 
global attractor is generated by a tangent vector field X on an n-dimensional manifold M 
not being necessarily compact. The first problem that arises is that when we deal with a 
tangent vector field on a manifold not necessarily compact, neither the index of the vector 
field nor the Euler characteristic of the manifold are a priori defined. In fact the definition of 
the index of X does not represent any problem because, in our case (that is X nonvanishing 
at dM and generating a compact global attractor), the critical points form a compact set not 
intersecting with aM. However, since we will consider also vector fields generating compact 
attractors not being global, we have adopted the following notation. Given any subset B of 
M with nonempty interior such that the critical points of X inside B form a compact set 
2 satisfying Z cInt(B)\dM, we define Inds(X) to be Ind(Xl,), where N is any compact 
n-manifold Z c N\aN and N c B. It is to be noted that if the number of critical points of 
X inside B is finite then Inds(X) is equal the sum of the local index of X at these critical 
points and that if B is itself a compact n-manifold then Inds(X) = Ind(X]B). 
We present the following result that provides a generalization of the Poincare-Hopf 
theorem to manifolds not necessarily compact. 
THEOREM A. Let M be a V2 n-dimensional manifold and let X be a %’ tangent vector 
field on M vanishing nowhere on i3M. If there exists a compact global attractor for the 
flow generated by X then the Euler characteristic of M is dejined and satisfies 
Indw(X) = (- 1 )“x(M). 
Now, Theorem A is a generalization of the Poincare-Hopf theorem because, when the 
manifold is compact, IndM(X) =Ind(X) and the condition that the vector field is never 
pointing outward along dM is equivalent to requiring the existence of a global compact 
attractor. Since this equivalence is obviously not true for noncompact manifolds it may seem 
that the existence of a global compact attractor is a condition that‘becomes too strong for 
noncompact manifolds (in the sense that a weaker condition may yield the relation between 
the index and the Euler characteristic). However it does not. This is so because if it is only 
required, for example, that each solution has nonempty o-limit set (and this implies that the 
vector field is not pointing outward along aM, if any) then the mentioned relation does not 
hold anymore. Even more, it neither holds if it is required that each o-limit set is nonempty 
and compact (in the literature the vector fields which generate this kind of flow are called 
bounded vector fields). Indeed, in [4] is given an example of a %F bounded vector field on 
IL?‘, with finitely many critical points and satisfying that the sum of its local index at all the 
critical points is 0 (and hence Indn,(X) = 0 is not equal to -x(R3) = - 1). 
Some results about bounded vector fields can be found in [3-51. It is to be noted that 
Theorem A is proved in [4] by using very different tools in the special case that M is R” 
and X has finitely many critical points. 
In fact we have proved a result that deals with more general situations. Thus, in 
Theorem B is considered the case of an attractor compact set not being necessarily global. 
Here the notion of the stabilizer of an attractor compact set K, denoted by k is introduced. 
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It is defined to be the set of points of M such that its a-limit has nonempty intersec- 
tion with K. This notion becomes very useful when K n 8M =0 because then K is an 
asymptotically stable invariant compact set with the same region of attraction as K (see 
Proposition 4.4). Moreover K = k if and only if K is asymptotically stable and invariant 
(see Corollary 4.5). In the statement of Theorem B, ENR stands for euclidean neighbourhood 
retract. 
THEOREM B. Let K be an attractor compact set for the flow generated by a V’ tangent 
vector field X on a (8’ n-dimensional manifold M and let x2 denote its region of attraction. 
Then the Euler characteristic of d is dejined and satisjes 
Ind_d(X) = (- 1 )“x(d) 
if .Y is nonvanishing on K n aM. In case that K n dM = 0 the following additional relations 
are satisjied: 
(a) X(K) = x(d) ifk: is ENR. 
(b) x(K) = x(d) if K is ENR, asymptotically stable and invariant. 
Notice that when X has finitely many critical points in K Theorem B shows that the local 
index of X at all these critical points equals (- l)“x(d). This is so because K contains all the 
critical points of X inside d. Notice also that in fact Theorem A follows immediately from 
applying Theorem B because the region of attraction of a global attractor is by definition 
the whole manifold. 
It is to be noted that the hypothesis in (b) of Theorem B cannot be weakened. This 
is so because if K is a compact ENR being only attractor and invariant then the relation 
x(K) = x(d) does not hold anymore. After proving Theorem B we will show an example 
in which this relation is not satisfied. 
We shall now present some interesting qualitative consequences of these theorems. For 
instance, Theorem A implies that a global compact attractor must contain at least one critical 
point if x(M) # 0. This explains why a periodic orbit can be a global attractor in S’ x [w” 
but it cannot in [w”. In [w2 this is obvious since a periodic orbit in the plane contains at least 
one critical point in its interior. On the other hand Theorem B shows that an asymptotically 
stable critical point in [w” has always local index equal to (- 1)“. This property was also 
proved by Thews in [ 131. 
2. DEFINITIONS AND NOTATION 
Let M denote a V2 n-dimensional manifold and let X be a %” tangent vector field 
on M. For each x0 EM we will denote the unique solution of the initial value problem 
i =X(x) 
x(0) =x0 
(2) 
by cp(xo, t) and its maximal interval of definition by J(xa). 
In the sequel given a nonempty set Q of M we will denote its topological boundary by 
a,Q, its closure by Q, its interior by Int(Q) and its complement by M\Q. 
Definition 2.1. The o-limit set (respectively a-limit set) of xa E M, denoted here by w(xc) 
(respectively ~((xo)), is the set of points y EM such that there exists t,, /” + 00 (respectively 
t, ‘\ -00) as n --f 00 satisfying cp(x0, tn) + y as n --) cc. 
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Notice that if 0(x0) # 0 (respectively a(~) # 8) then by definition J(Q) contains Rf 
(respectively R- ). On the other hand it is well known that 0(x0) is a closed set and that if 
y E w(xo) then J(y) = lF! and q(y, t) E 0(x0) for all t E R. Finally, the o-limit set of cp(xo, t) 
is the same for any t ~J(xo). Clearly any a-limit set satisfies similar properties. 
Dejinition 2.2. Let K be a nonempty compact subset of M. The set of points x EM 
satisfying o(x) # 0 and w(x) c K is called the region of attraction of K and in what follows 
it will be denoted by .&‘. 
The region of attraction & of a compact set may be empty but, when it is not, notice 
that if p E d then cp(p, r) E ~2 for all t E J(p) and that by definition lR+ c J(p). 
Dejnition 2.3. Given a compact set K with region of attraction d we will say that K 
is an attractor if there is an open neighbourhood of K inside &. That is, if KC Int(&). 
A compact set is said to be a global attractor when its region of attraction is M. 
It is easy to see that the region of attraction of an attractor compact set is open when 
M is a boundaryless manifold or when X never points outward at aM. 
Definition 2.4. Given an attractor compact set K we define the stabilizer of K, denoted 
by K, as the set of points p E M such that a(p) n K # 0. 
Dejnition 2.5. Let K be a nonempty compact subset of M. We shall say that K is stable 
if for each open neighbourhood U of K there is an open neighbourhood V c U such that 
for all x E V we have [w+ C J(x) and cp(x, t) E U for all t 2 0. 
Dejnition 2.6. We shall say that a compact set is asymptotically stable when it is at- 
tractor and stable simultaneously. 
For more details about these definitions the reader is referred to [l]. 
Dejnition 2.7. If x0 $ aM is an isolated critical point of X, one defines the local index 
of X at x0 as follows. Select a coordinate neighbourhood U of x0, homeomorphic to an 
open n-disk, which contains no other critical points of X. Within U choose an (n - l)- 
sphere about x. At each point of this sphere the associated vector of X must be nonzero. 
Transferring this into R” and normalizing the vectors defines a map from S”-’ to S”-‘. The 
degree of this map is the local index of X at x0 (see [lo] for more details). 
Dejnition 2.8. Let N be a compact manifold and let X be a continuous tangent vector 
field on N vanishing nowhere on dN. The index of X, denoted here by Ind(X), is defined 
as follows. Take any continuous tangent vector field Y on N, close to X (relative to the 
%‘“-topology) and having finitely many critical points, none of them in 3N. Then Ind(X) is 
the sum of the local index of Y at all its critical points (see [9] for details). 
Dejinition 2.9. If B is a subset of M with nonempty interior such that the critical points 
of X inside B form a compact set Z satisfying Z C Int(B) and Z n aM = 8 then we define 
Ind&X) to be Ind(XIN), where N is any compact n-manifold with Z c N\aN and N c B. 
For a proof of the consistence of this definition the reader is referred to [8], where Ind#) 
is defined exactly in the same way but assuming that B is also open in M. Note that when 
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X has finitely many critical points in B then Ind#) equals to the sum of the local index 
of X at these critical points. 
It must be pointed out that this definition is only a trivial extension of the one appearing 
in [8]. We extend it because the region of attraction of an attractor compact set is not 
necessarily open in M when aM # 0. Anyway if B and X fi~lfil the conditions of Definition 
2.9 then Ind&) is no more than the index, according to [8], of X at Int(B). 
Dejinition 2.10. A topological space K is called an euclidean neighbourhood retract 
(ENR) if there exists a positive integer k and Y c Rk, Y being homeomorphic with K, 
such that there is an open set U, Y c U c Rk and Y is a retract of U. For instance any finite 
CW-complex is an ENR (see Example E.8. in [2]). 
Definition 2.11. Given a topological space A in what follows X(A) will denote, provided 
that the number is defined, the Euler characteristic of A. For instance the Euler characteristic 
of any compact ENR is defined (see Section V.4.11 in [6]). 
We conclude this section by recalling some well known facts that will be frequently used 
henceforth. If M is a boundaryless manifold then the set R = {(x, t): x E M, t E J(x)} is open 
in M x [w and the flow 
cp:R+M 
(4 t) H 40, t) 
is a %?* map. If aM # 0 .and X is tangent to aM everything is as before. 
The preceding results are not always true when X has general boundary conditions. 
However some of them can be used if we first embed M as a closed submanifold of a %?’ 
n-dimensional manifold k without boundary, such as the double of M, and then extend X 
to a %?’ tangent vector field on G. By using this extension it is easy to see for example that 
(2) has continuity with respect to initial conditions in the following case: 
Remark 2.12. If po E M and to E J(p0) are such that q(po, t) E M\aM for all t between 
0 and to then for each open neighbourhood V of (p(po, to) there is an open neighbourhood 
U of po such that if p E U then cp(p, to) E V. 
Notice that if (p(po, t) E aM for some t between 0 and to then we cannot even assert the 
existence of some open neighbourhood U of po such that to E J(p) for all p E U. 
On the other hand, when we deal with the region of attraction ~2 of a compact set there 
is also some sort of continuity with respect to initial conditions of (2) in the following sense 
(recall that [w+ c J(p) for all p E &‘): 
Remark 2.13. If po E d and to B 0 then for each open neighbourhood V of cp( PO, to) 
there is an open neighbourhood U of po such that cp(p, to) E V for all p E U n ~2. 
3. THE ASYMPTOTICALLY STABLE CASE 
This section is entirely devoted to prove the next theorem. 
THEOREM 3.1. Let K be an asymptotically stable invariant compact set for the flow 
generated by a W’ tangent vector jield_ X on a W2 n-dimensional manifold M and let d 
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denote its region of attraction. If K n ah4 = 0 then the Euler characteristic of d is defined 
and satisfies the following relations: 
(a) Indd(X)=(-l)“X(d). 
(b) If K is an ENR then x(K) = x(d). 
We will show first some relations between an attractor compact set and its stabilizer. 
In particular Lemma 3.3 provides a criterion that turns out to be a very useful tool when 
we deal with an asymptotically stable compact set. 
Remark 3.2. Notice that if A is a compact set with A n LM = 0 and p E A is such that 
cp(p, t) E A for all t E W nJ( p) then u(p) is a nonempty subset of A. Thus, if K is an 
attractor compact set with K n iM4 = 0 then K contains all the negatively invariant subsets 
of K. In particular K c I? when K is an attractor compact set negatively invariant and 
Kna44=0. 
LEMMA 3.3. Let K be an attractor positively invariant compact set with K niYh4=0. 
Then i c K if and only if K is stable. 
Proof: Assume that k c K and let V be an open neighbourhood of K. In order to show 
that K is stable we must prove that there is an open neighbourhood U of K satisfying that 
if p E U then [w+ c J(p) and cp(p, t) E V for all t 20. It is clear that there is no loss of 
generality in assuming that 7 is compact and inside &‘\aM. 
Consider any point y E aM V. Then i C K C V implies y 4 i and this means that c(( y) fl 
K = 0. Then there exists t t0 such that cp(y, t) 4 7. Otherwise, since 7 is a compact set 
inside h4\aM, cr(y) would be a nonempty invariant compact subset of F\K and this ob- 
viously contradicts Ti c &. Thus, using that 7 c M\&4, we can choose z(y) < 0 such that 
cp(y,r(y)) $! t-i and cp(y,t)~M\aM for all tE [~(y),Ol. By Remark 2.12 we can take B(y) 
as an open neighbourhood of y such that if p E B(y) then cp( p, z(y)) @ 7’. 
Since & V is compact there exist pl, p2,. . . , pk E aM V such that 
j=l 
We define U= V\IJ;=,N(I+) where, for j= 1,2 ,..., k: 
Then U is open and, since K is positively invariant, K c U. Moreover it is clear that 
[w+ cJ(x) for all x E U since U c V c d. Next we will show by contradiction that U 
satisfies the required condition. Assume that xa E U is such that &no, t) $ V for some t 3 0. 
Define 
to = inf {t 30: &x0, t) f$ V}. 
Then cp(xo, to) E aM V and, since x0 E U C V, to > 0. Saying y. = &x0, to), it is clear that (3) 
implies yOEB(pjo)n&fv for some jaE{l,2,..., k}. Notice that by construction we have 
that (p(ya, r( pi,)) 6 7. Thus, since 
q(yo,t)EF for all tE[-to,01 
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it follows that t(Pjo) < -to. Then by definition x0 ~N(pj,,) because xc = (p(yo, -to) with 
ye E B( pi0 ) n 8~ V and r( pj,) < - to < 0. Therefore x0 4 U. This is a contradiction since we 
took xoc U. 
Finally we will show that if the relation g c K is not satisfied then K is not stable. So 
assume that there is x0 $ K with a(~) n K # 0. Since K is a closed set we can take an open 
neighbourhood V of K such that x0 6 V. In this case there is no open neighbourhood U of 
K such that if p E U then cp( p, t) E V for all t E Rf W(p). This is so because cz(xo) n K # 0 
implies that there exist some ~0 E K and tn \ - cc satisfying that cp(xo, t,,) + yo. n 
We will need some results concerning isolated invariant sets and Lyapunov functions. 
A compact set K of A4 is called isolated invariant set if it is invariant and there is a compact 
neighbourhood N of K such that K is the largest invariant set in N. In this case N is called 
an isolating neiyhbourhood for K. A continuous function V : R + R, where R is an open set 
of M, is called a generalized Lyapunov function for the flow cp if 
p(x) = lim V(cp(X? t>) - V(x) 
t-0 t 
exists and is continuous at every point x E R. Clearly when V is a 9?’ function then v always 
exists and satisfies 
V(x) = (Dv)XX(x). 
That is, p(x) is the derivative of V at x in the direction X(X). 
The following theorem has been proved by Wilson and Yorke in [14]. In its statement 
we shall need some new notation. Let N be an isolating neighbourhood for the isolated 
invariant set K and let R be an open subset of N. Then n+ (respectively sZ_) denotes the 
set of all x E s2 for which cp(x, t) E N for all t 3 0 (respectively t d 0). 
THEOREM 3.4. Let K be an isolated invariant set for the SF?’ flow cp and let N be an 
isolating neighbourhood for K. Then there is an open neighbourhood R of K in N and 
there are generalized Lyapunov functions V+ :R --+[O,+oo) and V_ :R&+-co,01 with the 
properties: 
(a) V+(x)=0 ifand only ifx~R+, 
(b) p+(x)>0 ifx~R\R+, 
(c) V+I~~\Q~ is a g2 function. 
V_ satisfies similar properties with respect o 52_. 
The next result is an easy application of the above theorem. However it must be pointed 
out that it will be assumed that M is a boundaryless manifold in order to assure the required 
smoothness of the flow (recall the concluding observations of Section 2). 
COROLLARY 3.5. Assume that A4 is a boundaryless mantfold and that K is an asymptot- 
ically stable invariant compact set of M. Let d denote its region of attraction and let 
N be a compact neighbourhood of K in ZZ’. Then there exists an open neighbourhood R
of K in N and a generalized Lyapunov function V : 0 + (-cq O] satisfying the following 
properties: 
(a) V(x)=0 ifand only ifx~K, 
(b) p(x)>0 ifx~Cl\K, 
(c) VlqK is a V2 function. 
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Proof Let E be any negatively invariant subset of N and consider any p E E. Since N 
is a compact set it follows that a(p) is a nonempty invariant compact subset of E. Due to 
i? c NC&' we conclude that a(p) n K # 8. Then, making use of Lemma 3.3, p EK. Thus 
K contains all the negatively invariant subsets of N. In particular this shows that K is an 
isolated invariant set and that N is an isolating neighbourhood. Therefore, using Theorem 3.4, 
in order to prove Corollary 3.5 it suffices to show that in this case s1_ = K. The relation 
K c R- is obvious since K is invariant. On the other hand 0- c K, because a- is clearly 
a negatively invariant subset of N and we have seen that K contains all of them. Therefore 
Corollary 3.5 is proved. n 
We are now able to construct a family of smooth compact manifolds satisfying very 
pleasant properties. 
PROPOSITION 3.6. Let K be a compact set asymptotically stable and invariant for the Jlow 
generated by a %’ tangent vector field X on a q2 n-dimensional manifold M and let d 
denote its region of attraction. If K n dM = 0 then there exists a family of 5~7~ compact 
n-dimensional mantfolds {Sk}kE~ that for each k E N satisfies: 
(a) K c Sk\dSk and Sk c &\aM, 
(b) Sk+1 c sk\ask and n:“=, Sk =K 
(c) The vector field X points inward at all the boundary points of Sk. 
Proof We will first prove it assuming that M is a boundaryless manifold. In this case 
we can apply Corollary 3.5 and consider the open neighbourhood !A of K, with a compact 
vicinity inside d, and the generalized Lyapunov function V : 0 --+ (-a, 0] that we get. By a 
compactness argument it follows that we can take s>O small enough satisfying that V-1(-s) 
is nonempty and that the closure of V-I([-&, +co)) is inside 0. For each k E N we define 
Sk = V-‘([-e/k, +oo)). 
Fix any k E N. Since Vla\k is a q2 function and V-‘(-6/k) is a nonempty subset of S2\K, 
in order to prove that Sk is a g2 n-manifold with boundary ask = V-‘(--&/k) it is enough 
to show that --E/k is a regular value. But clearly this fact follows from 
V(X) = (DV),X(x) # 0 (4) 
for all x E R\K. On the other hand Sk is closed in R because in fact Sk = V-‘([-&/k,O]). 
Thus, since Sk c a, we conclude that Sk is closed. Now, that Sk is compact and inside d 
it is due to the fact that R has a compact vicinity inside d. Finally notice that V-‘(O) = K 
implies Kc Sk\&. This proves (a), and property (b) follows easily from the definition of 
the sets Sk. 
In addition, (4) implies that X is never tangent to a& since V is constant in a&. Thus 
if we show that Sk is a positively invariant set with respect to the flow cp then (c) would 
follow. Consider any x0 E a& and let U be an open neighbourhood of x0 in R\K. Take 
6 >O such that cp(xo, t) E U for all t E [0,6). Then 
V(cp(xo, t)> 2 V(xo) = - 0 
for all t E [0,6) since v(x) > 0 for all x E Cl\K. Thus for each x E a& there exists 6 > 0 such 
that cp(x, t) E Sk for all t E [O,o). This shows that Sk is a positively invariant set because &Sk 
coincides with a&. Therefore Proposition 3.6 is true when M is a boundaryless manifold. 
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Now assume that M is a manifold with boundary. Embed M as a closed submanifold of 
a V* n-dimensional manifold $ without boundary and let x^ be a $7’ tangent vector field 
on iii satisfying 
x^I&f =X. (5) 
Notice then that K is asymptotically stable and invariant with respect to the flow generated 
by x^. This is so because K n aM = 8 and its region of attraction, say 2, contains .&. Since 
we have already proved Proposition 3.6 for boundaryless manifolds we can assert that there 
is a family of compact %‘* n-manifolds {Sk},,, satisfying (a), (b), and (c) with respect to 
x^ and 2. 
Since K c Int(d)\aM, using that l-jr=, Sk = K and that Sk+t c Sk for all k E N, it follows 
that there exists ko E N such that Sk c d\dM for all k> ko. For each k E N we define 
Sk =Sk+kO. It is clear that (5) shows that {S } - k key satisfies the required conditions with 
respect to X and G!. Therefore Proposition 3.6 is also true for manifolds with boundary. 
n 
The next result will further clarify the structure of each manifold Sk in relation to the 
attractor set and its region of attraction. 
LEMMA 3.7. Let G? be the region of attraction of a compact set K asymptotically stable 
and invariant and let {&}&N be the family of compact manifolds that we get from applying 
Proposition 3.6. Then for each k E N the following properties are satisfied: 
(a) dSk is a strong deformation retract of Sk\K. 
(b) Sk is a strong deformation retract of ~4. 
Proof Fix any k E N. First of all recall that K C &\a&$ and that Sk c &?\aM. 
Consider any point x0 E Sk\K. By applying (c) in Proposition 3.6 we have that &x0, t) f! 
a& for all t > 0. On the other hand notice that cp(xo, t) $! Sk for some t < 0. Otherwise, using 
that Sk is a compact subset of &\aM, it would easily follow that auk # 8 and this 
contradicts Lemma 3.3 since x0 $! K. Thus, making use of (c) in Proposition 3.6 again, there 
exists a unique r(xo)dO such that cp(xo, r(xg)) E a&. Moreover notice that cp(xo, t) E Sk\K 
for all t E [r(xo),O]. 
Consider now any point x0 E &\Sk. Since Sk is a neighbourhood of K and 0(x0) C K it 
follows that cp(xo, t) E &\a& for some t > 0. Thus, using (c) in Proposition 3.6, there exists 
a unique r(xo) > 0 such that &x0, $x0)) E &Sk. On the other hand, by making use of (c) in 
Proposition 3.6 again, it follows that cp(xo, t) 4 ask for all t E W nJ(xo). 
In brief we have shown that for each x E &\K there exists a unique r(x) E J(X) such 
that cp(x, 7(x)) E ask and also that the following properties are satisfied: 
( 1) If x E d \Sk then z(x) > 0 and cp(x, t) E AZ!\& for all t E [0, s(x)). 
(2) If x E &\K then r(x) 60 and cp(x, t) E Sk\K for all t E [z(x), 01. 
(3) r(x)=0 if and only if XEaSk. 
Next it will be proved that the mapping that applies r(x) to each point x E d\K is 
continuous. Consider any po E &\K and any E > 0. We must find an open neighbourhood V 
of pa such that Ix(p) - z(po)l <E for all pi vn[d\K]. 
We will consider first the case r( PO) GO. That is, when po E Sk. Due to Sk C M\aM, 
taking E > 0 smaller, we can assume without loss of generality that cp( po, t) f M\aM for all 
t E [z( PO) - E, z( PO)]. Let U’ be an open neighbourhood of cp( PO, z( po) + E) in Sk\%&. Since 
cp( po, t) E Sk c M\aM for all t between 0 and r( PO) + E, by making use of Remark 2.12, 
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we can take an open neighbourhood V’ of po such that if p E V’ then cp( p, z( PO) + E) E U’. 
This easily implies that r(p) < z( PO) + E for all p E V’. Let U” be an open neighbourhood 
of q(po, z(po) - E) in M\&. Since cp( PO, t) EM\~M for all t E [z( PO) - E, 01, by using 
Remark 2.12, we can take an open neighbourhood V” of po such that if p E V” then 
cp( p, z( po) - E) E U”. This shows r(p) > z( po) - E for all p E V”. Hence, taking V = V’ n V” 
it follows that [r(p) - T( PO)] <E for all p E V. 
Consider now the case t( PO) > 0. This means po E s&f\&. It is clear that there is no loss 
of generality in assuming that r( po) > E. Let U’ be an open neighbourhood of cp( po, T( PO)+&) 
in sk\a&. Since r( po) + E ~0, Remark 2.13 shows that we can take an open neighbourhood 
V’ of po such that if pE V’nd then q(p,z(po)+~)~ U’. This shows that z(p)<z(po)+~ 
for all p E V’ n d. Similarly, let U” be an open neighbourhood of cp( po, z( PO) - E) in M\&. 
Due to r( PO) --E > 0, by Remark 2.13 we can take an open neighbourhood V” of po such that 
if pE V”f7.d then cp(p,s(po) - E)E U”. This shows z(p)>z(po) - E for all pE Vnd. 
Thus, taking V = V’ n V” it follows that Ir( p) - z( po)l <E for all p E V fl d. 
From (2) it follows clearly that the homotopy 
HI :&\K X [o, 11 --f Sk\K 
(P,l) H cP(P,MP)) 
is well defined. Moreover, the continuity of r and Remark 2.12 imply that Ht is also con- 
tinuous. Thus, by making use of (3) it shows that a& is a strong deformation retract of 
&\K. Hence (a) is proved. On the other hand it is clear that the mapping 
r’:& -+ [O,+co) 
pH r(p) ifpEd\& I 
0 if pE& 
is continuous and, by making use of (1 ), that the homotopy 
H2:d x [O,l] + d 
(p,t) H cP(PJT’(P)) 
is well defined. Moreover Remark 2.13 and the continuity of r’ imply that Hz is also contin- 
uous. Finally H2 shows, by using the definition of r’, that Sk is a strong deformation retract 
of d. This proves (b). a 
We have already developed the tools that will allow us to prove the main result of this 
section. 
Proof of Theorem 3.1. Consider the family of compact q2 n-manifolds {&}&N that 
we get from applying Proposition 3.6. Fix any k E N. By (b) in Lemma 3.7, Sk is a strong 
deformation retract of d. Consequently I(&‘) is defined and satisfies the relation 
x(d) = idsk ). (6) 
Notice that Xlsk is obviously a tangent vector field on Sk since M and Sk have the same 
dimension, On the other hand notice also that it is nonvanishing on a& since, by (a) in 
Proposition 3.6, a& C d\K, Thus, by the Poincare-Hopf theorem, we can assert that 
W~ls,)=(-~Y’x(~k) 
since, by (c) in Proposition 3.6, X points inward along a&. Substitution of (6) in the above 
expression shows that 
Indd(X)=(-l)“X(d) 
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because K contains all the critical points of X inside d and, by (a) in Proposition 3.6, 
Kc &\a& and Sk c d. This proves (a). 
Recall now that, by (a) in Lemma 3.7, a& is a strong deformation retract of Sk\K. There- 
fore x(&\K) is defined and equals to x(a&). Since Sk is a compact n-manifold, applying 
also VIII 8.8 in [6], we conclude that 
X(Sk\K)=X(a&)=(l +c-l)“+‘M&). (7) 
Assume now that K is an ENR. Then, according to VIII 8.6 in [6], the relation 
must be satisfied. Substitution of (7) in the above expression produces 
x(& I= X(K). (8) 
Combination of (6) and (8) shows that x(&‘) = x(K) and therefore (b) is proved. n 
4. THE REGION OF ATTRACTION 
This section is completely devoted to show Theorem B. We will first prove two technical 
results that will turn out to be very useful when we deal with a region of attraction. 
LEMMA 4.1. Let sz2 be the region of attraction of a compact set. If p E Int(d)\aM then 
cp(p, t) E ht(d)\iW for all t 20. 
ProoJ Embed M as a closed submanifold of a q2 n-dimensional manifold k without 
boundary and consider a %Y’ tangent vector field x^ on k? satisfying 
_& =x. (9) 
For each x0 E fi denote by @(x0, t) the unique solution of the initial value problem 
i =2(x) 
x(0) =x0. (10) 
Consider po E Int( d)\aM and to 20. Clearly we can take an open set v^ of $ with 
po E v^ c d. Notice that if p E v^ then cp( p, t) E d c M for all t 2 0. Therefore, from (9), if 
p E v^ then 
cP(P>t)=G(P>t)Ed for all t E [0, to]. 
Due to the continuity with respect to initial conditions of (10) there exists an open set G 
of $ containing $( PO, to) such that if p E 6 then @(p, -to) E v^. Since G is an open set of 
6 containing $( PO, to) = cp( po, to), notice that in order to prove that cp( PO, to) E Int(&)\dM 
it is enough to show 6 c d. But this is clear because if y E fi then y = $5(x, to) for some 
XE? and, due to v^cd, @(x,tO)=q(x,to)Esz?. n 
LEMMA 4.2. Let K be an attractor compact set with region of attraction & and let Ql 
be any compact neighbourhood of K in sd. Then there exists a compact neighbourhood 
Q2 of K in d such that if p E Ql then cp( p, t) E Q2 for all t 2 0. Moreover if K n aM = Q), 
taking Q, c Int(&)\aM then Q2 c mt(d)\CM. 
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Proof: Consider any y E I&Q,. Then there is r(y)>0 such that cp(y,r(y)) E Int(Qi) 
since w(y) c K and K c Int(Qi ). By Remark 2.13 we can take U(y) being an open neigh- 
bourhood of y such that if p E & n U(y) then cp( p, z(y)) E Int(Qi ). We define 
M(y)={cp(p,t):pE U(Y)~~MQ~,~E[O,~(Y)~} U QI. 
Notice that M(y) is a compact neighbourhood of K in d because Qi c d and if p E d 
then cp( p, t) E d for all t >O. 
Since &Qi is compact we can take ~1, ~2,. . . , pk E i3~Ql with &Qi C $I U(pj). 
We define 
Q2= (J M(pj), 
j=l 
Then Q2 is a compact neighbourhood of K in d and, using that any orbit leaving Qi in 
positive time has a point in d~Qi, it is easy to see that by construction Q2 satisfies the 
required condition. 
Assume now that K n aM = 0 and that we have chosen Qi being a compact neigh- 
bourhood of K in Int(d)\M In this case, by making use of Lemma 4.1, it follows that 
Qi c M(y) c Int(d)\dM for all y E i3MQi. Therefore Q2 is a compact neighbourhood of K 
in Int(d>\M a 
The next result shows that in order to prove that x(d) is defined and satisfies Ind&X) 
= (- 1 >“x(&‘), it can be supposed without loss of generality that K does not intersect aA4. 
PROPOSITION 4.3. Let KI be an attractor compact set for the Jlow generated by a %?’ tan- 
gent vector field Xl on M and let ~4 denote its region of attraction. If K1 n aA4 contains 
no critical point of Xl then there exists a 5~?’ tangent vector jield X2 on M and a compact 
set K2 such that: 
(a) Xl and X2 have the same critical points and both vector fields coincide in a neigh- 
bourhood of them. 
(b) K2 is an attractor compact set for the flow generated by X2 and its region of 
attraction is JZZ. 
(C) K2n&bf=8. 
ProoJ It is obvious that there is nothing to be done when K1 n aM = 0. So assume that 
K1 n &f # 0. Since Xt has no critical points in K1 n hi4 we can choose an open neighbour- 
hood U of K1 n aA4 in Int(raZ) such that its closure u is compact and Xi has no critical 
points in 77. 
Let Y be a 9 tangent vector field on A4 pointing inward at aM and nonvanishing in u. 
Let p : M --+ [0, l] be a %7 ’ map satisfying 
p-‘(O)=M\U and p-*(l)=Ki n&f 
Let us suppose that M has been endowed with a Riemannian metric. Denoting its corre- 
sponding norm by /I 11 and saying 
a=inf {IlX(P)ll: PET) and b=sup{l]Y(p)l]: pin 
we define for each p EM 
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Then X2 is a %? ’ tangent vector field on A4 that satisfies 
Xl IM\(i =x2lkf\u (11) 
and it is easy to >heck that X2 has no critical points in u. Hence, this shows ‘(a). 
Notice that Xi at d fl aA must point inward to A4 or be tangent to ah4. Since Y points 
inward to M -at aM and p 2 0, it is clear then that X2 at d n aM points inward to M or is 
tangent to I?M. Moreover X2 points inward to M at U n aM because p-‘(O) =M\U. 
Given x0 EM, for each i E { 1,2} we denote the unique solution of the initial value 
problem 
i = Xi(X) 
x(0) =x0 
by Cpi(Xo, t), its maximal interval of definition by 4 (x0) and its o-limit set by Oi(xs). 
Let Qi be a compact neighbourhood of K1 U?? in d. By Lemma 4.2 there exists 
a compact neighbourhood Q2 of K1 U u in d such that if p E Ql then cpi( p, t) E Q2 for 
all t 20. We claim that if p E d then 02(p) is nonempty and inside Q2. 
In order to prove the claim we will show first that for all po E d\Ql there exists 
to E [w+ nJz( PO) such that cpz( PO, to) E Ql. Since po E d it follows that ol( PO) c K1. Hence, 
using that K1 c Int( Qi ), there exists some t > 0 such that cpi ( PO, t) E Ql . Due to u c Int( Qi ) 
and po 6 Ql we can take to > 0 satisfying cpi( PO, t) 4 U for all r E [0, to] and that 
cpi( PO, to) E Ql. From (11) it follows then 
and therefore (p2( PO, to) E Qi. 
It is obvious then that we must only prove the claim when po E Ql. If we show that 
(p2( PO, t) E Q2 for all t E IF@ n J2( PO) then, using that X2 at d n aM points inward to M or 
is tangent to c?M, it will follow that 02(po) is a nonempty subset of Q2. We will assume 
that it is false and we will get a contradiction. So assume that (p2( PO, to) $! Q2 for some 
to > 0. Since ?? c Ql c Q2 it is clear that there exists t; E [0, to) such that cpz( pa, f;) E Qi and 
that (p2( po, t) $! U for all t E [t&to]. Then from (11) it follows that qp2( PO, t) = cpi( PO, t) for 
all t E [t&to]. This contradicts the choosing of Q2 since cpi( PO, t;) E Ql, cpl( PO, to) 4 Q2 and 
to > C. Hence the claim is proved. 
Recall that if p E 02(po) then J2( p) = R and (p2( p,t) E 02( PO) for all t E Iw. Conse- 
quently if we say 
w= u 02(P) 
p&4 
then W c Q2 and for each p E W it follows that J2( p) = lK! and that (p2( p, t) E W for all t E [w. 
We define K2 being the closure of W. Then K2 is a compact set inside Q2 c d. Moreover 
notice that the region of attraction of K2, with respect to the flow generated by X2, is &. 
That it contains & is obvious from the definition of K2 = r and that it is exactly d follows 
easily from (11). 
Our next objective is showing that K2 c Int(&)\aM. This will prove that K2 is an attractor 
and that it does not intersect the boundary aM. 
We assert now that for each p. E d n [&al u aM] there exists z(po)>O ‘such that 
(p2( pa, r( PO)) E Int(&)\aM. Its existence is obvious when 
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since X2( po) points inward to M and U c Int(&). Hence it is enough to consider when 
po E 32 n [dwzl u aM]\u. 
Notice that in this case it is not possible that (p2( po, t) E [&d U dM]\U for all t > 0 because 
according to (11) it would follow oi( pc) c [&d U &bf]\U. This is clearly a contradiction 
becauseol(po)cInt(slZ)andontheotherhandifol(po)caMthenwl(po)cK,naMcU. 
Therefore there exists t’ > 0 such that (p2( po, t’) $! [&& U dM]\U. If (p2( po, t’) $! &-01 U &I 
we choose z( po) = t’ and if (pz( po, t’) E U c Int(&‘) we choose r( po) = r((pz( po, t’)) in case 
that (p2( po, t’) E U n i3M and r( po) = t’ otherwise. Hence the assertion is true. 
For each p E & fl [a~& U LM], by using Remark 2.13, we can define U(p) as an open 
neighbourhood of p such that if y E d n U(p) then (p2(y, r( p)) E Int(d)\U. 
Since Q2 C d is compact, so it is Q2 n [dud U &i4] and hence there exist ~1, ~2,. . . , pk 
in Q2 rl [dud U t?M] satisfying that 
!i?2n[~Mdu~wC 6 u(Pj). 
j=l 
We define T = max { z( pj): j = 1,2,. . , k}. Then, since T > 0 and d is the region of attraction 
of the compact set K2 with respect to the flow generated by X2, by making use of Lemma 4.1 
we can assert that 
{(ad P, T): P E Q2) c Int(d)\dM. (12) 
Since {(PA P, T): P E Q2) is compact and W c Q2, by using (12) we conclude that 
{(PA P, T): P E W) c WW\aM. (13) 
On the other hand, making use that for each p E W we have Jz( p) = R and (p2( p, t) E W 
for all t E Iw, it follows that 
W = {(~2( P, T): P E W). (14) 
The combination of (13) and (14) shows that K2, the closure of W, is inside Int(d)\M 
This shows K2 n 13A4 = 0 and consequently (c) is proved. On the other hand K2 is an attractor 
compact set due to the fact that K2 c Int(d). Then (b) is also proved since we had already 
showed that its region of attraction is d. n 
Once we have proved the following result we will be in position to show Theorem B. 
It shows that the stabilizer of an attractor compact set is an asymptotically stable invariant 
compact set with the same region of attraction. 
PROPOSITION 4.4. Let K be an attractor compact set with K n 8M = 0 and let _zf denote 
its region of attraction. Then the following properties are satis$ed: 
(a) in8M=0. 
(b) K is an asymptotically stable invariant compact set with region of attraction d. 
ProojI Notice first of all that K is obviously invariant because for each x0 EM the 
cc-limit set of q(xo,t) is the same for all t E J(xo). Due to K ndM=0 we can take 
a compact neighbourhood Qi of K in Int(d)\&V. By making use of Lemma 4.2, there exists 
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a compact neighbourhood Q2 of K in Int(d)\&V such that if p E Ql then cp( p, t) E Q2 for 
all z 2 0. Therefore it is clear that p 4 Q2 implies p 4 I?. This shows 
K c Q2 c Int(&)\aM 
and hence K n &4 = 0. Thus, (a) is proved. 
(15) 
We will prove that K is closed by showing that M\K is open. Consider any po $ k. 
If po 4 Q2 from ( 15) it follows that we can take an open neighbourhood U of po such that 
U C: M\K. Thus, it suffices to consider when po E Q2. Notice that a( PO) n K = 8 implies that 
it exists to GO such that cp( PO, to) 4 Q2. Otherwise, since Q2 is a compact set inside M\aM, 
LX( PO) would be a nonempty invariant compact subset of Qz\K and this clearly contradicts 
Q2 (I&‘. Since pa E Q2 and Q2 c M\aM we can take th E [to, 0) such that q( PO, t) E M\aM 
for all t E [t& 0] and cp( PO, th) 4 Q2. Let V be an open neighbourhood of cp( PO, th) in M\Q2. 
Notice then that from (15) it follows V c M\K. According to Remark 2.12 we can take 0’ 
as an open neighbourhood of po such that if p E U then cp( p, th) E V. Since K is invariant 
and V c M\K it is clear that U c M\k. Hence M\k is open. 
We can assert now that K is compact since we have just showed that it is closed and 
from (15) it has a compact neighbourhood. 
We will prove next that K is an attractor with region of attraction d. Consider any 
po E &. Since K is an attractor with region of attraction d it follows that w( PO) c K. 
Due to the invariance of o( PO) and K c M\aM, we can assert by using Remark 3.2 that 
w( PO) c i. This shows that the region of attraction of K contains Se and the fact that it is 
exactly ,c4 is obvious. Now we conclude that K is an attractor by using that, according to 
(15) Kc Int(d). 
Since we have already proved that K is an attractor invariant compact set satisfying 
K n aM = 8, we can make use of Lemma 3.3 to show that it is stable. Let po EM be such 
that x( PO) n k # 0. Then c(( PO) n E is a nonempty invariant compact set and, making use 
of (IS), this implies 
Hence a( PO) n K # 0, and this means that po E z. By applying Lemma 3.3 we conclude that 
K is stable. 
In brief, we have showed that K is an asymptotically stable invariant compact set with 
region of attraction d. Hence (b) is proved. n 
COROLLARY 4.5. Let K be an attractor compact set with K n aM = 0. Then K is asymp- 
totically stable and invariant if and only if K = k. 
ProoJ If K is an asymptotically stable invariant compact set with K n aM = 0 then 
K = f? follows from the combination of Remark 3.2 and Lemma 3.3. The implication in the 
other direction follows from applying Proposition 4.4. w 
Proof of Theorem B. We will prove first that if X is nonvanishing on K n aM then 
x(&‘) is defined and satisfies Indd(X) = (-l)“x(&). In this case, using Proposition 4.3, 
we may assume without restriction that K n aM = 8. Then, from Proposition 4.4, K is an 
asymptotically stable invariant compact set with region of attraction d and K n aM = 0. 
Now the result follows from applying Theorem 3.1 to K. 
Assume finally that K does not intersect &V. Then, by Proposition 4.4, K is an asymp- 
totically stable invariant compact set with region of attraction JZZ and K fl aM = 8. Thus, if 
276 A. Cima et al. 
Fig. 1. 
i is an ENR then the relation x(&)=~(k) follows from applying (b) of Theorem 3.1 
to t. This proves (a). On the other hand, if K is asymptotically stable and invariant then 
Corollary 4.5 shows that K =if. Therefore (b) follows from (a). n 
In view of (b) in Theorem B one may wonder whether it is true that for an attractor 
compact set K with region of attraction d, the relation x(K) =x(d) is satisfied if K is an 
ENR with K n &I4 = 0. It is not even satisfied when K is also invariant, and we will show 
it by means of the following example. 
The figure below is the phase portrait of a $9’ vector field in Iw* with two critical points, p1 
and ~2. It is clear that K = { ~2) is an attractor invariant compact set with region of attraction 
d = R*\{pl}. Here K is an ENR with x(K)= 1 but x(&)=0. On the other hand notice 
that k is { ~2) U y, an asymptotically stable invariant compact set with region of attraction d. 
Moreover it is to be noted that in this example we can check all the relations given in 
Theorem B because K is an ENR and Ind,&X) is easy to compute. Thus the local index of 
the vector field at p2 is 0, x(2?)= 0 and x(d)=O. 
REFERENCES 
1. N. P. Bhatia and G. P. &ergo: Dynamical systems: stability theory and applications, Springer, Berlin (1967). 
2. G. E. Bredon: Topology and geometry, Springer, New York (1993). 
3. A. Cima and J. Llibre: Bounded polynomial vector fields, Trans. Amer. Math. Sot. 318 (1990), 557-579. 
4. A. Cima, F. Maiiosas and J. Villadelprat: On bounded vector fields, to appear in Rocky Mountain J Math. 
5. R. J. Dickson and L. M. Perko: Bounded quadratic systems in the plane, J. Dzfirential Equations 7 (1970), 
251-273. 
6. A. Dold: Lectures on algebraic topology, Springer, Berlin (1972). 
7. D. H. Gottlieb: A de Moivre like formula for fixed point theory, Contemp. Math. 72 (1988), 99-105. 
8. D. H. Gottlieb and G. Samaranayake: The index of discontinuous vector fields, New York J. Math. 1 (1995), 
130-148. 
9. M. W. Hirsch: DSfferential topology, Springer, New York (1976). 
10. J. Milnor: Topology from a differentiable viewpoint, University Press of Virginia, Charlottesville, Virginia 
(1965). 
11. M. Morse: Singular points of vector fields under general boundary conditions, Amer. J. Math. 51 (1929), 
165-178. 
A POINCAR&-HOPF THEOREM FOR NONCOMPACT MANIFOLDS 217 
12. C. C. Pugh: A generalized Poincark index formula, Topology 7 (1968), 217-226. 
13. K. Thews: Der Abbildungsgrad von Vektorfeldem N stabilen Ruhelagen, Arch. Math. 52 (1985), 71-74. 
14. F. W. Wilson and J. A. Yorke: Lyapunov functions and isolating blocks, J. DifSerentiul Equations 13 (1973), 
106-123. 
Departament de Matemritica Aplicada II 
ETS d’Enginyers Industrials de Terrassa 
Universitat Polittcnica de Catalunya 
Colom 11, 08222 Terrassa 
Barcelona, Spain 
Departament de Matematiques 
Edifici Cc, Universitat Authoma de Barcelona 
08193 Bellaterra 
Barcelona, Spain 
